Abstract. This paper studies Galois extensions over real quadratic number fields or cyclotomic number fields ramified only at one prime. In both cases, the ray class groups are computed, and they give restrictions on the finite groups that can occur as such Galois groups. Also the explicit structure of ray class groups of regular cyclotomic number field is given.
Introduction
Let K be either a real quadratic number field or a cyclotomic number field. We study the Galois extensions over K ramified only at one prime in K by computing the ray class groups of K.
In Section 2, we consider extensions L of real quadratic fields K = Q( √ d) ramified only at one prime p of K. Say p|p, a rational prime. If p remains prime in K, then there exist such extensions L of arbitrarily large degree over K (see Theorem 1.3). But if p splits, then [L : K] must be finite, and can be bounded explicitly in terms of the field Q( √ d) and the prime p. We first compute the ray class numbers in each case, then give restrictions on the finite groups that can occur as Galois groups over K ramified only at p. In the splitting case, the main results are Theorem 1.1. Let K = Q( √ d) be a real quadratic field with square-free positive integer d. Assume the prime p splits completely as p 1 p 2 in K/Q, and p does not divide the big class number of K. Let L/K be any pro-p extension ramified only at p 1 with Galois group G = Gal (L/K). Then G is finite cyclic.
In fact, for any abelian extension L/K ramified only at p 1 , the order [L : K] is bounded explicitly in terms of K and the prime p (see Proposition 2.2). In the case the prime p = 2 splits in K/Q, any pro-nilpotent extension of K, that is ramified only at a single prime above 2 in K, is a finite cyclic 2-group on certain conditions of Q( √ d). 
], where u is the fundamental unit of K and ν p 1 is the valuation at p 1 . Thus if L is any pro-nilpotent Galois extension of K ramified only at p 1 , then Gal (L/K) is a finite cyclic 2-group.
On the other hand, in the non-split case, as the next theorem shows, Gal (L/K) can be arbitrarily large for extensions L/K ramified only at one prime p. Any such extension L/K is contained in a ray class field R k for some positive integer k. If we assume the fundamental unit of K has norm 1, Kitaoka constructed a maximal real sub-extension of the ray class field R 1 of prime conductor p in [Ki] . Theorem 1.3 below gives a description of the ray class fields R k , which relies on the explicit order of the ray class group |Cl 
In the case p = 2, we also assume N(u) = −1 and a, b are both odd. Then
In section 3, we consider the p-part of the ray class group Cl
k for an odd prime p. Proposition 3.5 gives the order of Cl m K in the case p is regular, which is a product of a power of p and the class number of K; Proposition 3.7 shows the rank of Cl ; and Theorem 1.4 below gives the explicit structure of the ray class groups for a regular prime p.
The formula given in the above theorem is consistent with the data in Remark 3.9, computed using [PARI2] . As an application, we consider tamely ramified meta-abelian Galois extension over Q ramified only at p. Corollary 1.5. Let K/Q be a meta-abelian Galois extension only tamely ramified at p and unramified everywhere else. Then K is contained in the Hilbert class field of Q(ζ p ).
Extensions over quadratic fields
In this section, we always denote by K a real quadratic number field Q( √ d) where d is a square free positive integer. We consider algebraic extensions L/K ramified only at one prime p of K. Say p|p, a rational prime. If p remains prime in K, then there exist such extensions L/K of arbitrarily large degree (see Theorem 1.3). But if p splits completely in K/Q, the degree [L : K] must be finite, and can be bounded in terms of the field K and the prime p (see Proposition 2.2).
2.1. Split Case. Suppose the rational prime p splits as p = p 1 p 2 in the real quadratic field K = Q( √ d). The splitting condition is equivalent to the assertion that d ≡ 1 mod 8 in the case p = 2. Let O K be the ring of integers of K. We will look at the fundamental unit of K.
Proof. The prime 2 splits completely in K/Q, so d ≡ 1 (mod 8). And the fundamental unit u is of the form
The proposition below says that Gal (L/K) is finite and is bounded explicitly in terms of s d,p , m d,p and the big class number.
a) If we also assume the fundamental unit u of K has norm −1 when p = 2, then for any prime p the ray class number
In the case p = 2 and N(u) = 1, the ray class number |Cl
Proof. By class field theory, we have the following exact sequence:
, since p splits completely. By the Dirichlet unit theorem, we know O * + has only one generator, say u 0 , i.e. O *
From the exact sequence 2.3, we have |Cl
By the exact sequence 2.3, we have |Cl
. Any abelian extension L/K ramified only at p 1 is contained in the ray class field for the modulus p 
], where u is the fundamental unit of K. Then
) is a quasi-2 group, where
) is the set of all Galois groups of finite Galois extensions L/K ramified only at p 1 . ). Denote by p(G) the subgroup of G generated by all elements of order a power of 2. Then G/p(G) is of odd order, thus solvable. If G/p(G) is nontrivial, then there exists a nontrivial abelian odd extension of K ramified only at p 1 . This is impossible, since part 1) says that any such abelian extension has degree a power of 2. So G/p(G) is trivial, i.e. G is a quasi-2 group. In the next proposition we will show that any p-extension over K with big class number not divisible by p, and that is ramified only at p 1 , has to be cyclic. Proposition 2.6. Let L be a pro-p extension of a quadratic number field K = Q( √ d) with the big class number not divisible by p. Also assume that p splits completely in K/Q, i.e. p = p 1 p 2 , and L/K is ramified only at
Proof. Denote by G the Galois group Gal (L/K). Take the fixed subfield K 0 of the commutator subgroup G ′ ; then K 0 is the maximal abelian sub-extension of L/K. If Gal (K 0 /K) is not cyclic, we can pick a Z/pZ × Z/pZ quotient of Gal (K 0 /K), which corresponds to a subfield K 1 /K. The field K 1 is not Galois over Q, since it is ramified only over p 1 and unramified over p 2 . The extension K 1 /K is totally ramified at p 1 since the big class number is prime to p. Take the conjugate extension K 2 of K 1 over Q, which will be totally ramified over p 2 over K and unramified over p 1 ; so K 1 /K and K 2 /K are linearly disjoint. The compositum K 1 K 2 is Galois over Q. Denote by H the Galois group Gal (K 1 K 2 /Q). Then H is the wreath product of Gal (K 1 /K) ∼ = Z/pZ × Z/pZ and Gal (K/Q) ∼ = Z/2Z, where the action of Gal (K/Q) interchanges the two copies of Z/pZ× Z/pZ corresponding to Gal (K 1 /K) and Gal (K 2 /K). Thus H ∼ = (Z/pZ × Z/pZ) 2 ⋊ Z/2Z is a semi-direct product. Denote by x 1 , x 2 , resp. x 3 , x 4 the generators of Gal (K 1 /K), resp. Gal (K 2 /K). The involutionī ∈ Gal (K/Q) interchanges K 1 and K 2 , andī extends to an involution i ∈ Gal (K 1 K 2 /Q), that sends x 1 to x 3 and sends x 2 to x 4 . Take the subgroup H 0 of H generated by 
, which corresponds to an abelian extension of Q ramified only at p and possibly ∞. That is impossible by class field theory. So Gal (K 0 /K) = G/G ′ is cyclic. By the Burnside basis theorem, Gal (L/K) is also cyclic.
Combining Propositions 2.6 and 2.2 gives Theorem 1.1 in the introduction. For the case p = 2, we can get a description of nilpotent extensions over a real quadratic field with a single ramification. Next we will give the proof of Corollary 1.2 in the introduction.
Proof of Corollary 1.2. Suppose L/K is a maximal pro-nilpotent extension. Denote by G the Galois group Gal (L/K). So G is a pro-nilpotent group. We can decompose G into a direct product of pro-p groups for various primes p: G = s j=1 P j . For each G i := j =i P j , we denote its fixed subfield of L/K by L i . For the Frattini subgroup Φ(P i ) of each P i , we denote its fixed subfield of L i /K by K i .
If 2 | |P i |, then L i is a pro-2 extension over K ramified only at p 1 . By Proposition 2.6, L i /K is a cyclic 2-extension, thus abelian. By Proposition 2.2, the Galois group Gal (L i /K) is a finite cyclic 2-group of order 2 m−1 , where
Here K i /K is abelian, so by Proposition 2.2, Gal (K i /K) is a finite 2-group, thus trivial. By the Burnside basis theorem
So the Galois group Gal (L/K) is a finite cyclic 2-group of order 2 m−1 .
2.2. Non-Split Case. Now assume the prime p remains inert in the real quadratic field
Unlike in the split case where the ray class number is bounded in terms of d and p, here Cl p k K can be arbitrarily large when k increases. We will first give some notations. For k ≥ 0, denote by Cl Proof. Pick any w = x+y √ d with N(w) = −1 and x, y ∈ Z. We claim that ν 2 (w 2 −1) = 2. We have x 2 − y 2 d = N(w) = −1. Working modulo 8, we know x, y are of the form
; then N(t) = −x/2 and N(t + 1) = x/2, so ν p (t) = 0 = ν p (t+1). Thus w 2 −1 = 4t(1+t) has 2-valuation exactly 2. Since N(u) = −1, 
2) In the case p = 2 and N(u) = 1, we also have |Cl
Proof. We have ν p (u
Recall the exact sequence from class field theory,
, given by Proposition 1.4 in [CDO] , we get the conclusion in part 1) of the proposition.
For part 2), the norm N(u) = 1, so O * + = {u n } n∈Z . We know u 3 ≡ 1 mod 2, since |O *
Combining with the exact sequence 2.9, we get |Cl 
Thus the ray class field of K mod 2 is just the big Hilbert class field of K.
Proof. With the above assumption, Lemma 2.7 says s d,2 = 3 and m d,2 = 2. Now applying Proposition 2.8 to the case p = 2 gives the ray class numbers.
Proof of Theorem 1.3. Proposition 2.8 says that |Cl
For part b), the ray class field R 1 is the big Hilbert class field by Corollary 2.10. If k ≥ 2, the conductor of K(ζ 2 k )/K divides 2 k−2 , and the conductor of K(
K | which equals the ray class number by Corollary 2.10, so H( √ 2u, ζ 2 k ) is the ray class field
Remark 2.11. In the case N(u) = 1, Kitaoka also constructed the maximal real subextension of R 1 /K in [Ki] .
3. Ray class groups of Q(ζ p )
In this section, we will consider prime cyclotomic number fields K = Q(ζ p ) with p > 2. Let p be the unique prime (1 − ζ p ) above p in the ring of integer O K of K. For any integer k ≥ 0, denote by Cl 2 ) * ∼ = Z/p(p − 1)Z. Consider the cyclotomic unit u λ , we know u λ ≡ λ mod (ζ p − 1), i.e. u λ has order p − 1 mod (ζ p − 1); also we have u p λ ≡ λ mod (ζ p − 1) 2 , so
